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Abstract

The incomplete Dirichlet's multiple integral is defined as

cl~1 “2”1 cn-l
l I ‘;‘ I f(tl + tz + ere 4+ ¢ ) tl t2 oes tu dt1 dtz LR dtn

i

vhere R = {(t;, ty, ***, £ ): ¢, >0, iy S8 g ty; 1=1,2, *»*, n~-1)

[ - -
(3]
=
A
-
-

It is shown that this integral is reducible to a single integral involving products
g of incomplete beta fuctions as a multiplicative constant. The results are
generalized and extended to other multiple integrals. Finally, as an application

a class of multivariate type distribution defined by a functional form is par-

tially investigated.
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1. Introduction
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If £(°) is a continuous function of some real non-negative argument, and

g a; > 0, i=1, 2, *++, n, then the Dirichlet's multiple integral

% 01-1 uz-l an-l

i; In - I [ cee I f(tl + tz 4+ cee 4 tn) tl t2 ese tn dt dtz cee dtn
t it et <1 (1)

£ may be expressed as the single integral [5], [18]

%f LR R 1 (a+a+...h )-1

: . I'(a;)T(a,) I'(a)) { f(ryr L2 e

i n F(al + a, + eoo + an)

0

Alternatively, we may express the multiplicative quotient involving gamma func-
tions in terms of products of beta functions and write
In = B(az. al)B(ca, a, + al) soe B(an. a

g + a g ¥ et a, + al)

1 (o, +a,+c+a )-1

I f(t)t e 4 dt (2)
0

where in general

rgz;rg-;
ML) Tt e

An extension of (1) was proposed by Sivazlian [16] where in (1) the argument

of the function f(+) was replaced by various partial sums of the variables ts
tyy *0%y Eo. Further extensions in the integrand form of (1) were proposed by

Sivazlian ([17] and Klamkin [13]. Klamkin also suggested an interesting

extension of (1) in yet another direction, namely by changing the region of

T n

integration to {(t;, €y, «oup t )t €, 20, J £, <6, ] £ o <t'), ¢, ' >0,
1 r+l

The multiple integral is then reducible to a double integral again involving

quotients of gamma functions as its multiplicative constant.

In the present work, we propose still another region R defined for
0<a <= 1=1, 2, ..., n as the simplex
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R= {(t)s tyy eeep £ )2 8, 20, % i S0 b S8y ; tys
1-1' 2,00.,“"1} (3)

and define the incomplete Dirichlet's multiple integral as

ul-l 02-1 an—l

dty dtz s dtn (4)
This integral is not reducible to any of the previous forms investigated.

However, in the very special case when a, = =, the Liouville's extension of

Dirichlet's integral, that is form (1) is recovered. In general, we shall show

that the proposed multiple integral (4) has the same format as (2) except
that the multiplicative constants outside the single integral are products of

incomplete beta functions. We shall show that Ih = kIn, where k is the product

of (n - 1) incomplete beta function ratio.

2. The Incomplete Dirichlet's Multiple Integral

To reduce (4), we first make the change in variable t, = xi, 5T i (R S,
n. The Jacobian of the transformation is clearly anlxz ces X oo The new

region of integration R is defined by the set of points

2
X il Xy <

/EI Jx! i T RN xi

R = {(x), X5 «00p X)) x4 20, 1 2

e

. for { =1, 2, ..., n - 1}

Hence
2a,~1 2a,-1 2a_-1
=5 n LN ] 2 z 2 2 LN ] n
!i 2 I [ : j f(xl + x, + ...+ xn) X x, x,
R
dxl dx2 dxn

We now utilize a second change in variable which is the elegant transformation
into generalized n-dimensional spherical coordinates proposed by Schl;t'u in
1855 [4), also by Clare in 1881 (5], and used often in statistics (e.g. see

{12]). Let then
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i i X, = T cos en_l cos en_z *ses COS 03 cos 62 cos 01
. % = oo
? X, = T cos en_l cos 8, cos 03 cos 62 sin 61
%’ X,=Trcos 8 ., cos6 , ¢ec cos 6, sin 0
g 3 n-1 n-2 3 2
% x_p=~rcosb , sing ,
i» x, =rsineé ,
; The Jacobian of the transformation is
& n-1 n-2 n-3
% r (cos en-l) (cos en_z) ese(cos 02)
%5 To determine the new region of integration R, we note that the ball
%' n

(a7

0<]} xi < 1 is mapped into the set of points 0 < r < 1. Also, for i =1, 2,
1

2

%

b
3

..oy N = 1, the set of points defined by

1 i
is mapped into the set of points

/2 2 2
0 <%y = /;; X, +x, + o eee + x

0 <r cos en_l cos en_z **e cos 91+2 cos 9i+1 sin 6i
< /;;—r cos 8 _, cos B , +°° cos ei+1 cos 8,
or 0<tan6, </a
or of_eiitan'l-/if;

It thus follows that R is mapped into R where

: -1
R={(r, 8;, 0,, ..., B _,): 0<r<1,0<6 <tan a,
for 1-1, 2' sy n-l}

The expression for 2 can then be written as

=2 eee | £(r") (r cos 0 cos 6 ,*** cos 6, cos 0,)
. n-1 n-2 2 1 2a.-1
R 2
(rcos 6 ,cosb , cos 6, sin 8,)
2a_ .-1 2a_~-1
n-1 n
*** (rcos 8 , sin 8,-2) (r sin en-l)

“.3 see :
)" Tees (cos 8,)] dr d6; do,c<d6

2

n-1 n-2
(r" "(cos 8 _,)" "(cos 6 ,

1
.2® (L 2(0g¥agt 401 £ e ?yar)

[ P




—— S R *lu""":"’-“’f’ﬁww*"’
I o e M Gl A

tan- 2a2-1 201-1
{ (sin 6 ) (cos 61) d91]
0
tan 1
2 2a3-1 2(a1+a2)-1
[ (sin @ ) (cos 02) dezl
0
lrp—
e R, TR | 2(a tat.. ke ,)-1
[ (sin 6 ) i (cos 6_ ) 2 n-2 ]
0 n-2 n-2 n-~2
-1 —
) 2a_-1 2(a,+a,+. .4 L )-1
{ (sin6 ) ™ (cos 8 .) oo 8. ]
0 n-1 n-1 n-1
Making the change in variable t = r2 and u, = sin2 °1’ 1o D
n - 1, we obtain
3 %
1+a. a,~-1 a,-1 1+a, a,~1 a,ta, -1
1 2 1 23 g
[ fo uy (1 - ul) du1] [ [ u, (a1 - u2) duzl
n-1
o 1+an_1uan-1(1 e )an_1+un_2+...+u2+u1-ld :
0 n~1 n-1 Yn-1
1 u1+uz+---+u -1
[I f(t)r dt)
0
Using the definition of the incomplete beta function
P 5
B, &)= yla-yphly
‘o
we obtain the following expression for In:
x = [B s (02. al)][l . (o3, a, + al)] oo [Bdn_1 (cn, a1t

I+a, I+, T¥ap-1

a,Pa, e edg
. 3 f(r)r 172 e dt

T S b e ml)]

(5)




Finally, if Ix(a, b) = Bx(a, b)/B(a, b) is the incomplete beta function ratio,

then clearly:

n-1
L T e e
1=1 %
1+a1

which is independent of the function f(+). In the special case when 8, % -

for all 1 =1, 2, ..., n - 1, the value of the previous expression equals 1.
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3. Some Generalizations

We consider two generalizations of particular interest although other
classes of multiple integrals may be treated in the same fashion. First

consider the multiple integral

I [ [ a.-1 o, -1 an-l
tn(t) - -oso f(ul + u2 4 oo 4 un)ul uz Ry un
duldu2 soe dun (6)

where S is the simplex defined by the set of points

n i
$ = {(u, uy, «0vy u)iu, >0, § u St, U, <a § uy3

fim 2y n ~ 1}

Making the change in variables u; =t ti’ i=1, 2, ..., n, we obtain

a b te oot
z (t) =t b - f f % [ FlEth we,+ e vc)]

nl-l a2—1 an-l
tl t2 L tn dtldtz i dtn

where R is the same simplex as (3). Using (5) and after making an obvious

change in variable we obtain

() = (B ay (ays 01)1[31!2 (ag, ay + ay)] ==+ [lian_1
1+ay 1+ay 1+a,_1
rt a tayt...a =1

(un, C a ¥ e ¥ ay)] ,d f(1)T noat (D)

(7) is of the same form as (5) except for the upper limit of the integral.

We next consider the integral
8 8 8
K, () = [ ] -0 | erechy 0 o RETY
T Ul q %
a.-1 a,~1 a -1
1 2 n e
vy vy b 5 dvldv2 dvn (8)
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where T is the region of

integration defined by the set of points
] B

a vy 4 v i+1
T = {(vl, Vos cees vn) P vy >0, X (E_ <t, (q1+1)
1 i i+l
B
Ly ing
< a Z C“i) S R T I R SRR
-~ %4 q
Lo
under the assumptions that 8i > 0, ay >0, qi >0 fori=1, 2, ..., n. Here,
Visi
making the change in variable (a—) = u,, i=1, 2, ..., n, we obtain
i
a, a a
1 n
g =g tiesnq :
1 2 n
al a2 an
S _n
B B B
u : u 4 eee u ™ du.du, *+* du
1 2 n Jozind n

which is of the same form as (6). Hence, using (7) we obtain

o *n
9.7 q," e q a, a a, o a
B . e 5 N
1+81 I|82
a a a a
cee (B an-l -é—n-’ -B—n--_l;+ Bn-z 4+ oo +—B—]-'-)]
m o ah n-2 a a 1 a
.._]+—-g-+ 000 s - 1
rt B1 ) n
Jo f(t)r dt 9)




4. Extensions
We now consider for r = 1, 2, ..., nand 0 <s <n - r, the integral

[ I [ 01-1 02-1 Qn-l
Jes © . B B P r ity By e Wy dey e 4t

Where R is the same region as described in (3). The function f(°*) and the

parameters @ys Ggs ceey @ are as defined before. It is possible to reduce

J1 S and Jn 0 to single integrals although a simple reduction does not
1 ’

appear to exist for other values of r and s

a. The Integral Jl,n-2

We first show that a double integral of the form

b ra
H(a, b) = fo fo £t - vAlltA - 1% (P! 1 ar av

where 0 < a,b < 1; A > 0; a,B > 0 is reducible to single integrals. Making

the change in variable t(1 - v) = 6 and (1 - v) = u, we get

1 au
H(a, b) = fl_b Io £a0)e® 1 (1 - )Pl 31 4o au

Interchanging the order of integration yields

ra a1 A
H(a, b) = ;o £a0)e™ P [ - wF W gy g
a
a(1-b) 1-b i
- [o £(a0)e**E-1 fe (- wP gy ae

Making the change in variable t = (1 - u)/u we obtain finally
Ra, b) = %—f; £40)e*"* 18 - 1)® 4o

B

a ] b

I'(l-b) a+8-1

i
b 4 £(a0)6

e o ——————
e S T
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Now
a ‘1 a.~1 a -1
1 2 n
’1,n-2 ; ] z f f(e) + ¢, + +e Yy t, oot
dtl dtz j-- dtn

To evaluate J o We perform the same sequence of variable transformation
’

1,n-
as in the evaluation of {n’ and obtain

Jl,n-z = [B al (32’ “1)][3 az (03, 02 + al)] eoe [B an_z
B e Feny
(an_lg aﬂ-z + an-3 4 cce 4 cl)]
3n-1
ATe i a.+a,+ec o+ -1
[0 n-1 [0 flt(1 - un-l)][T(l ¥ un-l)] 1 B a -:-1
n
(z un-l) T dt du__,

This double integral is of the same form as Ha, b) with A =1, a = ],

b= an_l/(l + an_l), a=a +a,+ect+a ., B8=a. Hence

31,“"2 « [3&1 (02’ al)][n 32 (03, (!2 o 01)] g [B an_z
g s 1+a,_,
(an-l’ %n-2 . %n-3 Sy °1)]
1 a, 4o, +eocta -1 a
1 172 g7 d an
{ a_ !0 f£(0)6 (e 1)  de
S 00
1+a .o, tecedq =1 a a
_l_ n-l 1 2 n l = n 5 n
i a Io £(6)6 (G-D (a,_,) "0

and in final form

n-3

e, 2

$ e al)]

b T (B ay (a,, a))][B a2 (ags @y + )] o0 [B‘n-z
T#a) THa,
(“n_l. Gn.z + an-a 4+ a

RIS LA 7




PN il

s o RN ST SN s

i
1 1+a a,fa, +ecta_ -1 a
{[,fo - [0 1 1ee * 2 *l " a-0"a

a 1
(a__) " [I%a__ a ta,+e e oda -1
n-1 I n-1 £(0)0 1+ Ulny n

L 0

+ de}

b. The Integral Jhlg

We consider here a double integral of the form

K(a, b) = {0 IO £(vA) (1 - v)]° l(tv)B 1oarav

where 0 :_alb <1l; A>0; a,8 > 0. Making the change in variable tv = 6

and v = u, we get

= b rau 3 A e
K(a, b) = Io Io £40)0°** 11 - 0! v 4o au
ab b
- [y fa0e®® [ a - 0t Ra a0

a
-d Iab (o)l cd - 1) + @ - 1) 1de
a’0 ) b )

Rk Y atg-1 Pl 8-1 a
--ig -1, f@e) do + 1 [o £(40)0571(a - 0)° a0

Now

a,-1 a,-1 a -1
- LN ] 1 n L R ]
Jn,o !I 2 lf(tn)tl tz cee tn dtl dtz dtn

Again, we perform the same sequence of variable transformation as in the

evaluation of ln and we obtain

Jn’o = [B ay (“29 al)lln a, (“3. °2 + ul)] eee [B an-2

T¥a) T¥a; THa, _,

8h-1 "

S ue
(0410 Ogg * g3 * 0t t o] Io i [o £t y)

al+uz+---+un_1-1 a -1

(tQ - w ;)] (ru _y) " ordr du__,
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This double integral is of the same form as i(a, b) withA=1, a=1,

b=a ,/(1+a ;),a=a +ay+-e-+a ,and B =a. Hence

Bt By WL RN Wpm el e B,
b I a2 14a _,
(an-l’ L) + a._3 + o0 + al)].
n-1
1+a a -1 a.+a.+°°+a
1 n-1 n 3 e n-1
a +a. 4+ °°* 4+ [ [o f(a)e (1 = e) de
1 2 n-1
a. +a,+e et an_l
i 1 . 1 72 n-1 1+a 3 ul+g2+...+°n.1
4n-1 fo R TO de)

5. A Still Further Extension.

Another multiple integral which is reducible to a single integral is the

following
I I I al-l a2-1 an-l
o;o f(tl + tz 4+ oo 4 tn) tl tz eoe tn :
B8 B 8

2 3 n-1
2) (t1 + tz + t3) (t:1 + t, + o tn-l)

(tl +t

dtl dtz oo dtl'l
where 8, > 0, (1 =2, 3, ¢+, n - 1). The reduction process is similar to that

used for (4) and will not be repeated here.
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6. Applications to Statistics

Statistical distributions of the multivariate type classified by functional
form have received little attention. For univariate classes, the Pearson's
type (e.g. see [6]) are well known. For the multivariate case, Lord [14] and
Box and Hunter [3) consider the radical or spherical distributions where the
joint probability density functions of the sequence of random variables
(X, X5 eeo, xn} has the form

L LRSS

where A is a constant. Kelker [11] studies linear transformations of spherically

2

2
TR Al 4 xn)

2
(xl, B bl xn) = A f(x1 + x

distributed variables, while Baldessari [2] considers density functions of the

form
‘5’5’...’xn(x1, xzy ceey ﬁ') = A f(xl + xz 4+ oo 4 xn)

e 2. 2
where ) (x; - a)" < 7, and of the form
i=1
o (X, Xpy coep X)) = A E[(xy - 807 4+ (xy - 8 )% + o0 #
.Kyeooh X710 72 i | 2 22
(x, -a)’]
Jon 3.8
where { (xj - aj) < r°. Finally, the so-called elliptically symmetric
i=1
distributions are studied by McGraw and Wagner [15].
Power transformations of the type X = YA have been used in Dirichlet's

A _ Q- Y)A

distributions (see e.g. Johnston and Kotz [9]) and in the form X = aY

are known as the Tukey lambda transformation [8][10]. Generalizations to

the standard Dirichlet distribution were considered by Johnston and Kotz [9).
We consider presently some generalizations of the previously inveatigated

classes of statistical distributions. In particular, we study some properties

of a class of multivariate distributions defined by a functional form in
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which the variables may be subject to a power transformation.

P

Let then A be a positive constant and f(x) be a continuous nonnegative

function defined everywhere in the interval 0 < x < = with the property
& that for g >0,1=1, 2, ..., n, the improper integral
&
&
Yyt ety -1
% I; f(r)t %4 L

exists and converges absolutely.

Let {Xl, X2, coey Xn} be an n-dimensional non-negative random variable

e

h P. .Fl L N
whose P.D 0x1’x2’°"'xh(xl' Xys 5 xn) is equal to

xl_Bl x, 82 x, Bn ul-l a,-1 an-l
Af[(;q) + (3;) 4+ co0 + (3;) IR om0 tem (10)

over the region {(xl. Xys sees ‘h) :0<x; <=, 1=1, 2, ..., n}, and is
zero elsewhere, and let for 1 = 1, 2, ..., n the quantities a; > 0, B1 >0,
%y ? 0 be uniquely defined.

a. The Constant A

The quantity A is given by the normalizing conditions

1 8 X6 %t
" [; I; b I; f[(;;) + (;;) + e ¥ (;:) ]
01-1 a,~-1 on-l
xl X, e my dzIdxz-'-d:n

The multiple integral is of the same form as (8) with t = = and a; = =,
i=1,2, ..., n. Hence :

L L e TR R, S
¢ 0t a4, 2o r(sl)r(‘z) r(‘n)
A" B.8,0°°8 e, G, e Tl
12 "a 1, 2 _n
P(==+==4 000 ¢
'1 ‘2 en
a a a
4+—l+.l.*f-1
P .1 2 n 1
lc ()t ; dt (11)




b. Mixed Moments

The mixed moments about the origin if they exist, are defined for

r, = 1, 2, .c.y, (1 =1, 2, ..., n) by the expression

rl rz rn
u! = r r--- rx Ko e % (x
O e U IR R R s %)

dx,dx2 oee dxn
a, +r a, +r a +r

qalﬂ'l q“2+r2._.q“n+rn r( 1B l)I‘( 23 §o o PL nB n)
ok 1 2 n 1 2 n
B18p = 8y e i B ey
T( 8 + 8 Feooot -—T—)
1 2 n
v 5 Wik 30 | 8.+
—t +oect -1
Bl a2 Bn

0 f(t)t dt

c. Marginal Distributions

The marginal PDF ¢y (*) of X; is given by (0 < x; < B)
i

Qxi(xi) - [; f;--. I: .xl'xz'"” (xl, xz. viseg xn) clxlclxz...dxi ldx1+1"'dxn

a a a a
; T i-1 1+1 e n
P e il - B S %
818yt ByaBiy T By
a a a a a
a --1.+—2-+—1-.l+ 1+1+...+-—--1
Vo o i 8 B, By, l‘1+1 n
x, flr + (--) ]l dr
Y

8
By a suitable change in the order of integration, setting y = 1 + (81/!1 ) s

and using the convolution theorem, one can verify that r Qx (xi) w1, Ina

similar fashion, it is possible to show that the joint marginal P.D.F. of
(X, X;0 «e0s X} (k < m) 1s given by
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Gl et S SR pany

ey

a a
v ( ) = A il %W %71 9,1 v P
’x X X Xey Xnpy sy = s X, P
) e T e *x Beyibes B, s 2 xx
a a a
8 8 8 _kfi....&.z.... AP R
!- x, 1 x, 2 x n 8k+1 Bk+2 Bn
BHGH +67) ¥ ) +1lx dr
0 q1 2 qn

The conditional distributions can then readily be obtained. We presently
extablish the following two theorems

d. Theorem 1

The (n - 1) random variables {Yl, Yz, a5 Yn-l} where

B
Xi 1
(q-;)
Yi - x 81 xz Bz x Bn » 1 - 1. 2. esey N = 1
@ + @D e D
1 2 n

have a joint probability density function which is of the Dirichlet type
ingide the simplex

Z- {(yli ’29 ceny ’ll-l) H Yl + Y2 i vae, 4 yn.l > 1, yl 10,

Yy >0, .oty Ya-1 > 0}
and which is zero elsewhere.

Proof:
x‘l 8 ‘n B
Let Y = (35) + ¢ + (37)
n ‘ll In
X ‘1 : ﬂ
Then L evy, 1e1,2 1
(1;) '1 " » 9 seepy N = ‘
8
x‘ n
and (q—) = (1~ !1 - 72 - o0 o ’n—l)'a
n




This particular transformation maps the region {(xl, Xgs eoey X)) 1 0 Sx <.,
i=1, 2, ..., n} onto the regionC = {(yl, Yos +ees yn) B T e Vo-l < 1,
y;20fori=1,2,...,0n-1,0 £, < =}. The corresponding inverse

functions for this one to one transformation is

1/8,
x1 - qi(YiYn) 2 1m 3,2, aey'n =1
1/8
EER - i B
The Jacobian of the transformation is
5 a(xl, Xys evs xn)
3(y;s Ygo cees )
S
ayl ayz a?n
x I ax
G TR ¢ -
ay1 3’2 ayn
Now for 1 = 1, 2, ..., n, we have
1
-—=1
ayi 8 Y4 Yn
1
i il 3
ay, B, t'n 41
axi
s—=0 for j¥#1i, n
%y
u”fori-lg 2. ‘o..n-l
.S i
78 S At f St /Tl AORE Y




R—

B R TR

|
%

'
x B -
n n n
- v, B8, ek . Tt e e LR T Tl Yn-1)Y5]
The value of the Jacobian is thus
1 1 1
=-1 -1 -1
ql 8 Qz 8 q 8
1 2 n-1 n-1
J=2=(y,7.) == (y,y) (&v__,v.) .
’1 1’n 82 27n Bn-l n-1'n
> -
i - - e LE N} e n
Bn ta 1772 yn-l)yn] "
yn 0 " e o yl
0 yn s o o yz
_yn -yn e o o (l-yl-yz-uoo- n-l)
Noting that the value of the determinant is y:-l, we have
9.9, «++ q 31_’1 "BL'I B1 g 'él_*'sl_*""'l—'l
e S R SRR Rl S n
8182 ooe Bn 1 2 n-1 n
1
B 1

000 - n
b Ty =g n-l)

nenc.’ th. joiﬂt P.Dopo of {11’ '2' ecey Yn-l' Yu} 1' for (y1’ yZi Seey yn) € c

01-1 ; uz-l an_l-l
a,~1 8 a,~1 8 a .-1 8
1 i v
A f(’n)ql (ylyn) o ‘22 (’z’n) 2o qnfl1 (yn-lyn) i
an-l
a -1 8

9" [Q=y ~yp=cee-y Jyv] " . |3
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a a a a
a, (12 a _1__1 _2_1 n-1 B
q ‘12 gy 8 8 8 B8
-Al 1 2 eee nlo(l- - - 000 o= )n
5,8, = B 1 Y2 Yn-1 7] =2y Yn-1
a a a
i S SRS
Bl 82 n
* £y,
and is zero elsewhere. Using the computed value of the constant A in (11) we
obtain for the joint P.D.F. of {Yl, Yo eoes Yn-l} inside the simplex ] to be
a a a a a
r(—e-}-+—83+---+?‘1) '5'1"1 -8—2--1 L |
1 2 n 1 £ Bl
ey a, o 1 Y2 y
!‘('é—) r (T) $ue P(-B'-)
1 2 n an
S—n- 1
G e e P
and to be zero elsewhere.
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e. Theorem 2

The n random variables {Yl, YZ’ stk Yn} where

8

X
141 i+l
G
i+1
Y - Y S 1 - 1, 2. LR n- 1
i xl Bl xz 82 xi 81 ’
W T e n @
1 2 i
xl 81 x2 82 xn Bn
Y o= (G + @D 4+ (D
g % %

are independently distributed. The marginal P.D.F. of Yi's are

a
814-1 3
( y1 i+l
A 0<y, <=
: § :!-. i 02 . L y i
: gl Bt o o
by, 0, -ﬁ eyt F i (=1, 2, .c00m~ 1)
0 G otherwise
\
( :];+-?-Z+oo~+ -a-.n—-l
Bl 82 Bn
ﬁ Ay £0p)y, ’ 0 < o om
4y (vp) =
n 0 s otherwise

where the Ai'a are normalizing constants.
Proof:

The joint distribution function of {Yl' Yz, awiey Yn} is given by
P{Y, Y Y Sy eeen Y <y )=

x 8 x B, x B 8 8
2 1 3 25 R

m—f) 111(1&) . <§> Ll )

X fa toy1 X )’1 t x Py : :
&) <vy.. ’ ™) <2
b8 it~ N Yy oy

i=1
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8 B
-A” ff[( > (%)2+---+(En&)n1

a,-1 02—1 a -1

1
L N x
n

xl x, dxl dx2 see dxn

where T is the region of integration defined by the set of points
8 B

s n x i x i+1

i 1+1
T-{( ,x,..., ):x 2.0' Z(—‘) iy

R " ¥ 1 4 % %
]
n x i
sy, T6h 114 0
1 Y
Thus, from (9)

a, a, a

ql qz LN} qn
P{Ylf.yln YZiYZ’ ceey Yniyn} = A 8182 o

a a
B, G,
1 2 1
1+y1
a a a) a a
By G 52+3 31, LS s~
T_g_ 3 2 5 In-1 n “n-1 n-2
+’2 :]—'+a2+-oc +:‘1-1+yn-1
fv“ B, & B

vhich establishes the independence of Yl, Y2. oeey Yn. The distribution

function of Yi is (0 £y < ®)(1=1, 2, ..., n~-1)

o a (l
A B 81+1’?1 311+m+_’_)
1 Pam % P 1
14y,
y
‘ a a a
1” —tﬂ-l 1 11-‘-..0 +—1-1
’ 1 8 8, ‘1—1 8
“Ay o Y -y dy

a
eve +—)]
1
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where A, = 3
4 % " 5 % %41
s RE e ey
1 2 i i+l
Hence the P.D.F. of Yi (1=1,-2, ..., n~1) 18 for 0 < ¥, <%
a
: B1-1-1 Ly
5 v i+l
* (y,) = A it
8 ¢ y -
Yi i i fl+a_2 . a1+1
8 82 ey 314-1
1 which can be recognized as a beta distribution of the second kind. The

P.D.F. of Y 1s (0 < : W )

a a s §
o $ e SRR TR
81 B2 Bn
oyn(yn) ik Sy
a a, a
FL+FZ+ +-53-1
where Z1__ £(1)1 1 2 n dt

(see e.g. Wilks [19] and Aitchison [1]).

Theorems 1 and 2 are generalizations of some well known results in statistics
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